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1. Introduction and summary
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String theory in AdS3 plays an important role in building string theory models of black holes

and cosmology, and in the AdS/CFT correspondence. The AdS3 space-time is interesting

because it is Lorentzian, non-compact, and curved; the theory is nevertheless expected to

be tractable thanks to the 5/[2 affine symmetry. However, the Lorentzian feature is still

a major technical hurdle. It can be avoided by Wick rotation, which makes space-time

Euclidean while still non-compact and curved, and relates the theory to the H;r model,



i.e. string theory in the Euclidean AdSj3, which still has the s/\ﬁg symmetry. Solving the
ng model is therefore a crucial technical step in the study of string theory in AdSs. By
solving the model we mean determining its spectrum and arbitrary correlators on arbitrary
Riemann surfaces. As was shown in [, P, the partition function and the correlators can be
defined, and in a few simple cases computed, within a path integral formulation. The H;'
model has also been studied using the conformal bootstrap formalism [J], which exploits
consistency constraints (like crossing symmetry) on these correlators. These consistency
constraints were shown to be sufficient for fully determining the correlators of the H;r
model on a sphere, and explicitly computing the three-point function [, f.

The usefulness of the conformal bootstrap formalism for the ng model on a sphere
was not obvious from the start, since the formalism was developed for rational conformal
field theories whereas the H;' model is a non-rational CF'T with a continuous spectrum.
However, this formalism also brought about significant progress in the case of Liouville
theory on the sphere and on the disc. Liouville theory is a simpler non-rational CFT
which can be considered as solved in the sense of the bootstrap formalism, because some
elementary correlators were explicitly computed, in terms of which all the other correlators
can in principle be deduced.

Encouraged by these examples, one might expect the H. ; model on a disc to be solvable
by means of the conformal bootstrap formalism. As was first noticed in [f], there is however
a problem due to the presence of singularities in some correlators. These singularities
weaken the Cardy-Lewellen constraints [i, §, i.e. the conformal bootstrap equations on
the disc. Such singularities are a consequence of the 5/[2 symmetry of the model and
are therefore also present in the HgL model on the sphere, where they can however be
circumvented by analytic continuation.

We will show how the H ; model on the disc can be solved in spite of these singularities.
The main tool which enables us to analyze the singularities and solve the model is the H ;r -
Liouville relation, which was first established in the case of the sphere [g. In particular,
our main result is a formula (B.1§) for arbitrary correlators of the Hy model at level k > 2
on the disc, in terms of correlators of Liouville theory at parameter b*> = (k — 2)~! on the
disc. Schematically, (B.1§) reads:

n ) m n m
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where ®Ja, U are HgL bulk and boundary fields with spins jg, ¢, respectively, V4, Bg,

corresponding Liouville bulk and boundary fields with corresponding momenta ay, B re-

spectively, and V_ L B_ L are extra degenerate Liouville fields. The boundary conditions
2 2

are maximally symmetric in both theories, they correspond to AdS; branes [[L(] in H T with
parameters r and FZZT branes [, [ in Liouville theory with parameters s = 55 £ 1 l

We are able to prove the formula for all correlators which do not involve boundary condltlon
changing operators, leaving the remaining cases as a strongly supported conjecture. We also
reformulate our result suitably for its application to the SL(2,RR)/ U(1) coset model (B.33).



Since all Liouville correlators on the disc are known in principle, our H;r -Liouville
relation on the disc amounts to a solution of the H ;r model on the disc. For some correlators,
the conformal blocks are simple enough that explicit expressions can be found. We will write
such explicit expressions in the cases of the boundary two-point function (section [f) and the
bulk-boundary two-point function (section []). These special cases will allow us to perform
some consistency checks: comparing the boundary two-point function with predictions of
the classical ng model and with N=2 Liouville theory, and the bulk-boundary two-point
function with a minisuperspace analysis.

Finding the boundary two-point function amounts to determining the spectrum of
open strings stretched between two AdSs branes. In the case when these two branes are
different, we encounter a surprise: our results are incompatible with the SL(2, R) symmetry
which was previously assumed for this system, and show that the correct symmetry group
is the universal covering group ﬁ(l R).

The section fJ and the appendices provide supporting material on the H. gL model, special
functions, and Liouville theory.

2. The H; model: state of the art

Let us review known results about the H. §L model on Riemann surfaces without boundaries,
or with boundaries defined by AdS, branes.

2.1 Bulk H?jr model

The space H; is a three-dimensional hyperboloid, or equivalently the space of (2 x 2)
Hermite matrices h with unit determinant and positive trace:

+x3 1 — 19
22— ad—a2=1, 29>0; h=|"° . 2.1

o 1 2 3 > %0 ’ T+ i.%'z To— T3 ( )

The H ; model at level k£ on a two-dimensional Riemann surface 3 parametrized by z can
be defined by the WZW-like action [f] of a matrix field h(z, 2),

k - k

SH[h) ——E/szTim,lﬁhhlah]+- ,(/' Tr(h~'dh)® . (2.2)
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The H?‘f model is therefore a sigma-model with the manifold H?:F as target space, and a
non-trivial B-field. One often parametrizes ng by coordinates ¢,y,7 as

1 ¢ 1~ ® Ry
h= (1) (¢ 0 TV ¢ v (2.3)
71 0e? 01 e?y ePyy + e ?
In terms of these coordinates the action becomes
k _ _
SH:—/fz@w¢mwmm>. (2.4)
T

The symmetry of the H;r model includes the SL(2,C) isometry group of the H;r
manifold. The action of an SL(2,C) group element g on H;r is g-h = ghg', so the element



-1 0
g=—id = 0 —1 acts trivially on H. ; . Thus the non-trivially acting isometry group
is actually SL(2,C)/Zy ~ SO(1,3). The isometry group SO(1,3) also follows from the
definition of H;r as an hyperboloid.
In the “minisuperspace” limit [[[J], which involves sending the level k to infinity, the
spectrum of the model reduces to the space of functions on the H;r manifold parametrized

by (¢,v,%). This minisuperspace spectrum is generated by the following functions:

. _ 25 . .
®j(x!h)=¥<[—xl]h[_f]> _HHL (e o) )

s

where delta-function normalizability requires j € —% + ¢R. This number j is the spin of
an SL(2,C) representation; states belonging to the same representation are parametrized
by the isospin variable x € C. The behaviour of ®/ under an SL(2,C) transformation

(o),
= (53)

The spectrum of the quantum H3™ model [B, ] can formally be built from the minisuper-

¥ (slg-h) = |z — 1907 (g - alh), g o = S22

= (2.6)

space spectrum by acting with oscillators encoding the worldsheet z-dependence, which
amounts to extending the representations of the group SL(2,C) into representations of
the corresponding loop group. The set of physical representations itself does not change;
unless specified otherwise our integrals on the spin j will be over this set j € —% + iR.
The conformal weight of the primary field ®/(z|z) built from the classical field ®7(z|h) is
(using the notation b? = (k — 2)71)

iU+

Aj=—b+1) =
i Ji(G+1) P

(2.7)

The symmetry algebra of the Hi model is (after complexification) the affine Lie algebra
s/\ﬁg X s/\ﬁg generated by the modes of the currents J = kOhh~',.J = kh~'0h. This symmetry
results in the correlators obeying the Knizhnik-Zamolodchikov equations, which we will
recall and use in section [, For now, let us write the consequences of the global symmetry
group SL(2,C):

<Hg : q)j“(xa|za)> = <H q)j“(xa|za)> : (2.8)
a=1

a=1

where the SL(2,C) transformation of the quantum field is defined by
g ¥ (ale) = |ye 8|V (g - al2) . (2.9)

Due to this simple transformation law, the isospin variable x is very convenient for the
study of the SL(2,C) symmetry. But for the purpose of writing H;r correlators in terms of



Liouville correlators it is more convenient to use the Fourier-transformed p-basis [fl]
. 1 . o
O (p|z) = =|pu|¥ T2 / d*x MR (1)) (2.10)
™ C

And for the purpose of comparing the H; model with N=2 supersymmetric Liouville
theory, we will need the m-basis

; _ L d,u e
Bhn(s) = [ TFe T W alz) = N [ TR l), (20

!w\Q
where the physical values of m,m and the normalization Nglm are

n—gzpa m:%m’ (’I’L,p)GZXR, Ngm”h:

['(=j+m)
rG+1-m) "’

m =

(2.12)

Some basic correlators of the ng model on a sphere can be written explicitly. The bulk
two-point function is

(@7 (pu1]21) D7 (p12]22) ) = |22 — 21 7490 |1g [26P) (g + 1)
x (6(j2 + 41+ 1) + R (j1)6(j2 — 1)), (2.13)

where we introduce the bulk reflection coefficient R (5) such that

} } —(2j+1) .
W) = RE Rl /UG =0t (D)) G e

The bulk three-point function [[i] is here written in the p-basis in a manifestly reflection-
covariant way [4]:

3 2)(2 . . .
] fa) glJL J2 J3 H/. . .
oJe al|<a = D C 3 J2 )
<H (1al2 >> o2 o B o AR [ ] (i, 2 J3)
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D= = | o |21 Z’Y]’g 2F1 (1 — J2 — 43, 71 + J2 — 43 + 1, —2j; ,U2)7
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cn_ L [y T}4(0)

272b ™ Tp(—b(j123 + 1))I'(—j123 — 1)

Ty(—b(2j1 + 1)) To(—b(2j2 + 1)) Tp(—b(2j3 + 1))
Tb(—bj%)r(—j%) To(— bJ13) (- 313) Tp(— 5323) (—J'213)'

(2.15)

Aty = Aj 4+ Djy, — Djs, iy =J1+J2—J3, Ji2s = J1 +J2 + Js,
Notations:< j* =75, i~ =—-j7—1, oFi(a,b,c;z) = F(a,b,c;2)F(a,b,c; 2),

a7 = D(=jazs = DI (—jas)D (=)D (G + 1)y (243 + 1),

The special functions v and T, are defined in the appendix. The reflection covariance



of this expression follows from the reflection invariance of D, and the reflection behaviour
CH (g1, 2. 53) = R (43)CH (1, ja, —js — 1).

The four-point function of the H. ;r model has been shown to be crossing symmetric [f.
This means that it can be deduced from the three-point structure constant C¥ in two

different ways:

4
<H q)ja(lu’a|za)> = /d]s CH(jl,j%js) CH(_js - 1aj3aj4) g_]ss (ja|Ma|Za) (2'16)

a=1
:/@Wm%mﬁwwmnm%mmw,&m

where the s and t-channel conformal blocks Gf (jalptal2a) and G (jalpal2a) arve entirely

determined by the affine s/\ﬁg symmetry and thus in principle known before solving the
model. This crossing symmetry relation should be viewed as a constraint on the three-
point structure constant C*. Exploiting very special cases of this constraint was enough
to unambiguously determine C¥ [d]. That this unique solution turned out to satisfy the
full crossing symmetry was an additional non-trivial check.

2.2 Euclidean AdS; branes

Euclidean AdSs branes preserve an SL(2,R) subgroup of the bulk symmetry group
SL(2,C) [IJ]. The geometry of these D-branes is defined by the equation

Tr Qh = 2sinhr, (2.18)

for r a real parameter, and © a Hermitian matrix which determines the relevant SL(2,R)
subgroup as the set of SL(2,C) matrices such that ¢'Qg = Q. For definiteness we choose

1
Q= <(1) 0 ), in which case the SL(2,R) subgroup is the set of matrices

g= a' e ,ad—bc=1, a,b,c,d e R . (2.19)
—ib d

In the minisuperspace limit, the spectrum of open strings on an AdS, brane reduces to
the space of functions on the corresponding two-dimensional submanifold of ng . The

minisuperspace spectrum is generated by the functions:

) 4
Tl (t|h) = ([z’t 1]h [_1”5]) , (2.20)

where the boundary spin ¢ belongs to —% + iR, and the boundary isospin is t € R. (For
more details see appendix A.2 of [I0).) Under SL(2,R) transformations we have

at —b
—ct+d -

U (tlg - h) = |et — W (g-tlh), gt = (2.21)



The spectrum of the quantum model is generated by corresponding boundary fields ¥ (¢|w)
with w a real coordinate on the worldsheet boundary, which transform as

g - U (tlw) = |et — d|* T (g - tiw) . (2.22)

There also exist SL(2,R) representations whose fields would behave as g - U*(t|w) = |ct —
d|**sgn(—ct + d)¥*(g - tjw), but such fields do not appear in the minisuperspace spectrum
of AdSs branes and we assume that they are absent from the exact spectrum as well.
We will naturally assume that correlators involving boundary fields preserve the SL(2,R)

symmetry:

<Hg 7 (zalz0) [ \Iﬂb(tbrwb>> = <H @ (za]20) H%<tbrwb>> @)
a=1 b=1

a=1 b=1

We will also be interested in boundary condition changing fields ,»W*(¢|w), describing open
strings stretched between two AdSs branes with different parameters r,r’. We will see in
section [l] that the symmetry properties of these fields are significantly more complicated.
So in the present review section we focus on the already well-understood r-preserving fields.

The t-basis boundary fields we have considered so far are useful for the study of the
SL(2,R) symmetry. When it comes to the H; -Liouville relation, it is more convenient to

use the following v-basis fields:
W (v|w) = vt / dt ML (t|w) | (2.24)
R

The relation with the SL(2,R)/U(1) coset and N=2 Liouville theory is more naturally
expressed using the m-basis fields, which diagonalize the t-dilatations and v-dilatations:

vl = / dt [t| =g (1) W (t) (2.25)
= Niy [ s )00, (2.26)

where physical values of m are pure imaginary, and we define
ne{0,1} , Nj,=2"T(—L+m)sinF(—L—1+m—n). (2.27)

The boundary two-point function of open strings living on a single AdSs brane of parameter
7 is known to be [[L0]*

<W1(t1|w1)‘1’£2(t2|w2)> = lwia| 220
r

1 -
X % [5(51 + 0y + 1)5(t12) + 5(51 — gg)Rﬁ(gl)’tlg‘%l (2.28)

1Our formulas agree with [E] only up to renormalization of the boundary fields.



or equivalently

<WI(V1|W1)‘I’ZQ(V2|W2)>T = Jwip| 220
X |1|6(v1 + v2) [6(61 + b + 1) + RE(01)5(61 — £2)] . (2:29)

The H;' boundary “reflection number” RH (¢) is related to the H;' boundary reflection
coefficient R (¢) by
~ T 1 "

B0 = sinl T'(20 + 1)Rr () (2:30)

The quantity R (¢) deserves to be called the boundary reflection coefficient because of its
role in the simple reflection property of the v-basis field,

U(vjw) = RE(O)T L (v|w) . (2.31)

Explicitly, RH(¢) can be written in terms of the Liouville boundary reflection coeffi-
cient (C.3), provided the Liouville parameter is chosen as b = (k — 2)~1/2:

RIWO)=R" <b(£ +1) + i) . (2.32)
2wb  4b’27b ' 4b 2b
This relation between the H. ;r and Liouville boundary reflection coefficients is not surprising
given the relation R¥(j) = RE(b(j + 1) + 35) [] between bulk reflection coefficients; the
boundary relation actually follows from the relation between the boundary states of the
AdSs brane in Hy and the FZZT brane in Liouville theory [[[], via the computation of
the annulus amplitude.
Another known useful correlator is the bulk one-point function [, [L6]

. 1 il 1
<¢](I"Z)>r = m [—7Tb2’)’(—bz):|] 2 (8()2) 4
x|z + Z|PT(1 4 b3(2§ + 1))e " Z+Dsenle+a) (2.33)

(®(0)), = [ [P0 )

x|p|0(Ru)T(27 + DT(L + b*(25 + 1)) cosh(25 + 1)(r — iZsgnSp) . (2.34)

3. H; correlators on a disc

Here we will study arbitrary H. ?'f correlators on a disc. We will express them in terms of Li-
ouville correlators, which we consider as known quantities. The use of Liouville correlators
will become natural after we recall that the Knizhnik-Zamolodchikov equations, which fol-
low from the assumption that our H;' correlators preserve the affine Lie algebra symmetry
of the model, are equivalent to the Belavin-Polyakov-Zamolodchikov equations satisfied
by certain Liouville correlators. Due to the existence of singularities, the KZ equations
together with the usual factorization axioms are not enough for fully determining the H;r

correlators; we will introduce the additional assumption of continuity at the singularities.



Then we will exhibit a solution eq. (B.1§) of all these requirements in terms of Liouville
correlators. In the case of the bulk two-point function on the disc, we will prove that
this solution is unique, even though our continuity assumption is weaker than the usual
assumptions of the conformal bootstrap formalism.

3.1 Axioms for H; correlators on a disc
3.1.1 Symmetry requirements

We have already written the global SL(2, R) symmtry condition (.23) for H3 correlators
on a disc. Here we concentrate on the KZ equations, which follow from the local 5/[2
symmetry. It was shown in [[[5] that the gluing conditions for the AdSs branes are trivial
in the p-basis, which implies that the disc correlators satisfiy the same KZ equations as
the sphere correlators obtained by the “doubling trick”,

<H 7 (j1a20) [ | w<ub|wb>> = <H (@7 (1a]20) @7 (7ial2a)) T <1>£"<'/blwb>> (3-1)
b=1 disc b=1

a=1 a=1 sphere
The KZ equations for a bulk correlator Qf = ([]0_; ®7*(y4]24)) are:
ty = Ha
0 20303 —t th — ity 3
(k—2)5—+y —ob et _ab ol — 0 t]=jag,: . (32)
3Za bra Za — Rb t_ . 82 ja(ja+1)
M“au B Ha

The power of these equations comes from the fact that they are first order differential
equations in z,. So if we know a correlator at some value of z; or in some limit say
z1 — zo, then the 8%1 KZ equation determines that correlator for all values of z7, provided
no singularities are met on the way.

Explicit solutions of the KZ equations are known only in a few cases, some of which we
will see in sections [ and | For our present purposes, it will however be enough to solve
the KZ equations in terms of Liouville correlators and conformal blocks. This is possible
thanks to the KZ-BPZ relation ([, [, which relates the KZ equations for our H;' disc
correlators to the BPZ equations satisfied by certain Liouville disc correlators. We will
denote this as a relation ~ between H; and Liouville disc correlators. (The KZ and BPZ
equations do not depend on the boundary conditions, which are therefore omitted in the
following formula.)

n m . . o
<H(I)Ja (#a|za) H * (v |ws) > ~ 6 (2 g1 Reta + 22521 ) (Ul [Onm| 2

a=1 b=1
X <H Vaa(za)Hng(wb) H V. 1 (Yar H B_Lb Yp') > , (3.3)
a=1 b=1 a’'=1

b'=1

where the ng model at level k is related to Liouville theory at parameter b, background
charge @) and central charge ¢y, with

1
V=g . Q=bty . c=146Q%. (3-4)



The H. ; spins j, £ are related to Liouville momenta «, 3 as

a:Mj+D+%pﬁ:bM+U+i— (3.5)

2b
The n’ bulk degenerate Liouville fields V_ 1 and m’ boundary fields B_ 1 are introduced at
2b 2b
positions determined by Sklyanin’s change of variables, which changes the isospin variables
a, vy subject to the condition 237" Rug + Yy vp = 0 (from global s£(2) symmetry)
into the variables v/, yp defined as the 2n’ +m’ = 2n + m — 2 zeroes of the function

n n — m

Ha Ha 14
t) = 3.6
o) =3 TR+ D 7 (3.6)

a=1

plus one real variable
n m
u=2 Z R(paza) + Z Vpwy (3.7)
a=1 b=1

The prefactor ©,, ,,, is written in terms of Z. = (zq, Zo, wp) and Yy = (Ya/, Yo/, Yo' ) @S

o) - Hc<c’§2n+m(Zc B ZC') Hd<d’§2n+m—2(Yd o Yd')
n,m = — .
[T T2 (Ze — Ya)

(3.8)

We just provided enough data to make the relation (B.3) between KZ and BPZ equations
explicit. Let us give more details on some relevant aspects and implications of this relation.

A closer look at Sklyanin’s separation of variables. There is in general no ex-
plicit formula for the degenerate field positions y as functions of the isospin variables u, v.
However, the definition of y as zeroes of a function ¢(t) (B.§) can be reformulated as

A= Ya)
— d
A= T2

c=1

, (3.9)

which by taking the limit ¢t — 2z, or t — wj provides an explicit formula for p, or v in
terms of y:

?li—{m_Q(za - Yq)
(20 = Za) [wr2a<n (20 = 20) (20 — Zar) [Tpey (20 — wp)
"2 (wy — Ya)

[Ta=1 [we = 2al® ITyopcm (wo — wer)

Ha = U

Up = u (3.10)
Singularities of KZ solutions. The KZ-BPZ relation (B.3) allows us to easily study the
singularities of the KZ solutions, because the Liouville correlators on the right hand-side
are singular if and only if Liouville fields collide with each other or with the boundary.
If such a collision involves only the fields V,,,(z,) and Bg,(wp), then the corresponding
singularity at z, = 24/, 24 = Z4 Or wp = wy is the power-like singularity expected from the
H;r model on general grounds.

,10,



However, extra singularities occur where degenerate Liouville fields V_ 1 (y.) (or
B_ 1 (yy)) are involved. If such a degenerate field comes close to Vo, (24) (or Bg,(ws)),
then ©(t) loses its pole at t = z, which implies p, = 0 (respectively, v, = 0). Such singu-
larities will play no significant role in the following, and should be considered as artefacts
of the u-basis. On the other hand, singularities arising from collision of two boundary
degenerate fields to become one bulk degenerate field B_ L B_ L= V_ L (or vice versa)
will play a crucial role;? in the following we will always refer to these singularities when
writing about singularities of ng correlators. Let us explain their importance in the case
of the bulk two-point function on the disc (®71 (p1|21)®7 (ug|z2)). (This case was already
studied in [15].)

Given 3°2_, Rua = 0, the function ¢(t) = 22 <“—“ -

a=1 \t—z, t—
are both real, they correspond to two Liouville degenerate boundary fields in a correlator
<Va1(z1)Va2(z2)Bfi(yl)Bfi(y2)>: we call this situation the boundary regime. If they

2b 2b
are complex conjugate, they define the position of one Liouville degenerate bulk field in

a

> has two zeroes. If they

a correlator <Va1 (21) Vi, (zg)Vfﬁ(y1)>: we call this the bulk regime. The positions of the

Liouville fields involved in the KZ-BPZ relation (8.3) in the case of the H bulk two-point
function on the disc can be depicted as:

z zZ
le )(Z2 1 2
X X Y

21 Y1 2 A2 n
&L 4 -

(3.11)
Boundary regime Singularity Bulk regime
! T Z = 21=%2
1 a1+ +00 e
1 +pz]

This singularity is significant because it separates two regimes which are not otherwise
connected, since the cross-ratio z takes real values. This is in contrast to the similar

singularity which appears in the H ; four-point function on a sphere. The related Liouville

correlator is in that case <Hi:1 Va, (za) Vfi(yl)Vfi(y2)>, and one can go around the
2b
singularity y; = y2 by moving y1,y2 in the Riemann sphere.

3.1.2 Factorization axioms

Factorization is a standard axiom of quantum field theory. It states that in the limit where
two of the fields come close, the correlator (TTh_; ®7*(pal2a) [Tpeq ¥ (vs|ws)) reduces to
lower correlators determined by the operator product expansion of the two fields. We of
course assume that H;' correlators obey such factorization axioms. Note that factorization
will only require taking limits of the worldsheet positions z,,w; of the fields, while their

isospin variables g, v are kept fixed and arbitrary.

2Such singularities are presumably equivalent to the “z = z” singularity in Fateev and Zamolodchikov’s
KZ-BPZ relation @] in the z-basis.
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Depending on the nature of the two fields which come close, there are three types of
factorization, which correspond to inserting the three types of operator product expansions

into the correlators:

e Bulk OPE:

P PJ2 di dQ_Iu 4A;
(p1]21) D7 (p222) o 2 A |z — 21|

(D7 (p1]21) D72 (g 20) @7~ (—pul2)) x
x (7 (u|z1) + O(z12)) (3.12)

e Bulk-boundary OPE:

®(ul2) ~ /de /%|w—z|2Af
<‘1>j(u|z)\lf—£_1(_y|w)>r % (»0 (]2 + 0z - %)), (313)

e Boundary OPE:

dv
OO (01 w1, U2 (| wg)py  ~ /dz —|w — wy|*A

w12—0 |I/|
(" 1), 2 (v 2)p, O ()., ) X

X (nqﬂ(u\wl)m + 0(w12)) . (3.14)

(Note that the OPEs do not depend on the choice of the auxiliary worldsheet variables
zZ,w.)

We can formally write these OPEs without knowing the three basic correlators (bulk
three-point, bulk-boundary two-point, boundary three-point functions); on the other hand
we rely on the previous knowledge of the bulk and boundary spectra and two-point func-
tions® eq. (2:13), (B-29).

Once inserted into a correlator, such an OPE should be considered as a formal limit,
since the corrections O(z12) to one term j can be dominant with respect to the leading
contribution ®7'(y|z1) of another term j” of higher conformal dimension. This formal limit
consists in focussing on the contribution of primary fields, and the corrections correspond
to descendants. Such corrections are in principle determined by the symmetry of the model,
in our case the affine Lie algebra symmetry.

Factorization and Cardy-Lewellen formalism. We now discuss the crucial issue of
the strength of the factorization constraints, i.e. in which measure they determine the
correlators. First note that if the sum over all descendant contributions converged for any

values of the worldsheet variables, then the correlators would be fully determined by their

3 Although we do not yet know the spectrum of boundary fields , \I’Z(V|w)r2 when r1 # r2, we assume
that such fields are parametrized by the same values of £ and v as in the case r1 = r2, and do not have
additional indices.
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behaviour in one given factorization limit. For example, we would fully know the bulk
two-point function on the disc thanks to the limit where it reduces to the known bulk
three-point function on a sphere and bulk one-point function on the disc:

, . . d’p ,
(@)@ (l2)), [ di [ Tl

(D7 (1] 21) D72 (o 20) @7~ (= pl2)) x
x ((®7(p]21)), + O(212)) (3.15)

We could now study (@7 (p]z1)®72 (,u2|z2)>r in the limit z; — z;. Whether it would
factorize or not would be a consistency test on the bulk three-point and disc one-point
functions. If the test was passed, we could then deduce the bulk-boundary two-point
function. Such constraints and relations for structure constants were systematically studied
by Cardy and Lewellen [, §].

The Cardy-Lewellen formalism actually applies in the cases of Liouville theory and
of the H?:F model on the sphere. In the latter case, the sums of descendant contributions
however do not converge for all values of the worldsheet variables z (as is apparent from the
existence of singularities), but only in neighbourhoods of the various factorization limits.
But the affine Lie algebra symmetry which in principle determines these sums actually
yields a more powerful tool: the KZ equations. These equations can be used to analytically
continue the correlators in regions where the sums of descendants do not converge.

On the disc however, the H; bulk two-point function is not fully determined by its
behaviour near 212 — 0, because as shown in the picture (B.11]) it is impossible to go
around the singularity. We would need as additional data the behaviour near z; — z; — 0,
and therefore the (as yet unknown) bulk-boundary two-point function.? In terms of sums
of descendants, the situation is presumably the following: the sum of descendants in the
bulk-boundary OPE converges near z; = z; and in the vicinity (up to the singularity), and
therefore in the boundary regime. The sum of descendants in the bulk OPE converges near
21 = z9 and in the vicinity (up to the singularity), and therefore in the bulk regime. But
the strength of the Cardy-Lewellen constraints relies on the existence of an overlap between
the domains of convergences of these two OPEs. Such an overlap is absent in our case, as
opposed to the case of the bulk two-point function on the disc in Liouville theory, where
the sums of descendants in both OPEs converge for any values of z1, zo as was established
in [[LJ) (section 2.4 therein):

|pa [+ [ P
1 |1 +p2) +oo 2= 21 —2g
H;r model  PB o S|

4The situation is even worse in the case of the boundary four-point function <H§:1 \Ifeb(yb|wb)>: even
if we knew the boundary three-point function and therefore the behaviour in both possible factorization
limits w12 — 0, w23 — 0, we could not deduce the boundary four-point function in the regime where the
corresponding Liouville correlator has one bulk degenerate field.
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(Here the triangles denote the factorization limits, and the hatches the corresponding
regions where the sums of descendants converge.)

In this sense, the Cardy-Lewellen formalism does not fully apply to the H;r model on
the disc because of the singularities of the HgL correlators. Nevertheless, we can recover
part of the power of the Cardy-Lewellen constraints by making a natural assumption on
the behaviour of the H?:F correlators at the singularities.

3.1.3 Continuity assumption

In contrast to the symmetry requirements and factorization axioms, which are standard
assumptions of conformal field theory in the conformal bootstrap formalism, our continuity
assumption will be a novelty of the ng model on the disc. Such an assumption is made
necessary by the existence of extra singularities of the model () for the formalism to
be of any use, we need some control over the behaviour of correlators at these singularities.

Continuity assumption: The H?:F correlators are continuous at the singularities which
occur when degenerate fields in the corresponding Liouville correlators collide.

In order to clarify the meaning of this assumption, let us recall how KZ solutions
behave near such singularities. This can easily be deduced from the relevant Liouville
OPEs, dressed with the |y12|% prefactor from the KZ-BPZ relation (B.3),

) 1 1 _
ly12| 2 B_1(y1)B_1(y2) ~ B_%(yl)+CL(——,—2—b,Q)’y12\2k *Bo(y1) (3.16)

1
2b 2b Y12 —0

k—2
lyi2| 2 V_o1i(y1) ~ B_

1
26 y1—71—0 b

(1) + BH 5, Qlunal*Bow),  (3.17)

where we omit the dependences on the boundary parameters of the Liouville boundary
three-point function CL(—Qib, _2va @), bulk-boundary two-point function BL(—QLb, Q), and
boundary fields. (Explicit formulas for the relevant OPE coefficients can be found in the

appendix, eq. (C) and (C.J).)
The leading behaviour of the KZ solutions therefore consists of two terms, associated
with the Liouville boundary fields By and B_1. (The corrections to the leading behaviour

b
are due to descendants of these two fields.) The critical exponent of the B_1 term is zero,

1
so such a term has a finite limit whether it arises from the bulk regime (V_ 1 ' case) or from
the boundary regime (B_ 1 B_ 1 case). The critical exponent of the By term is 2k —3 > 1,
such a term goes to zero at the singularity. Therefore, all KZ solutions have finite limits at
the singularity. Our continuity assumption means that the limit evaluated from the bulk
regime should agree with the limit evaluated from the boundary regime. This seems to us
a very natural assumption.

Thus, the continuity assumption will be a nontrivial requirement on H;' correlators,
although it of course does not fully determine how KZ solutions behave through the sin-

gularity, because the By term remains unconstrained.

3.2 ng disc correlators from Liouville theory

It is relatively easy to find an Ansatz for the H;r disc correlators which satisfies all our
axioms. The difficulty will be to prove that the solution is unique. Let us first write our
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Ansatz for arbitrary H. gL correlators on the disc:

m
<H dla (talza) H Tho 1b (Vb‘wb)rb,b+1>

= %( )02 Rata + D00 ) |@nm| 2

’ ’

x <H Vo (2a) Hsb—l,bBﬁb(wb)Sb,b+1 H V—Q—lb(ya’) H B—Qib(yb/)> , (3.18)

a=1 b=1 a’=1 =1

3

where most notations were already defined in our study of the KZ-BPZ relation: the
Liouville parameter b (B.4), the Liouville momenta o, 3 (B.5), the quantity u (B.7), the
prefactor ©, p, (B.§). The positions y,/, yy of the Liouville degenerate fields were defined
as the zeroes of a function o(t) (B.6). In addition, we specify the set of boundary conditions
Sp—1,5 by

r )

2 ) (319)

That is, the Liouville boundary parameter s on a point ¢ of the boundary is given by the
Hy boundary parameter r, shifted by a quantity which depends on sgney(t). (Indeed o(t)
is real if ¢ is real.) Notice that ¢(t) changes sign at its zeroes, which are the positions of
the boundary degenerate fields, and when it is infinite, which happens at the points where

the generic boundary fields Sb_l,bBﬁb (wp) are inserted. So each boundary degenerate

- Sb,b+1

field B_ L (yy) induces a jump Fg7 of the boundary parameter s, consistently with the
2

results of Fateev, Zamolodchikov and Zamolodchikov [L1]]. Then, for a given AdSy brane

parameter r, there correspond two opposite values of the Liouville boundary cosmological

KL ur .
g = /m cosh 27hs = i\/%smhr . (3.20)

The formula (B.1§) is our main result and the rest of the article is devoted to giving evidence

constant,

for it, and drawing some consequences.

The first check is the compatibility with the bulk one-point function, which is explicitly
known (R-34). This check is straighforward and was already performed in [[[].

Let us check that our formula satisfies the axioms of the H?:F model. By construc-
tion, our Ansatz (B.1§) satisfies the KZ equations. It is continuous at the singulari-
ties due to the agreement between the coefficients of the leading terms of the Liouville

lim0B72_1b(y1)B72_1b(y2) and lim ovfﬁ(zl) OPEs (B.16), (B.17). The only subtle issues
Yi2— Z1—z1—

come from the factorization axioms:

e Bulk factorization z;5 — 0: the pole t = z; of the function o(t) (B.) must remain
simple, so that one Liouville bulk degenerate field say V_ 1 (y;) must come close

to Vo, (2z1) and Vg, (22), i.e. y1 — 21 x z12 — 0. Thus, we should insert into our
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Ansatz (B.18) the following Liouville OPE:

(y1) ~ /da |z — Z1|4Aa

1
2b zlgoczlfylﬂo

(Ve (21)Vaa (z2)V_ 3, (51)Vo-a(2)) X (Val21) + O(z2) - (3:21)

Val (Zl)VOQ (Z2)Vf

where A, = a(Q — «) is the conformal dimension of a Liouville field of momentum
«. This is the crucial step in proving that our Ansatz indeed satisfies the bulk OPE
axiom (B.12)), as was shown in detail in [[J] in the case of H3 correlators on the sphere.

e Bulk-boundary factorization z; —z; — 0: by a similar reasoning, one Liouville bound-
ary degenerate field say B_ 1 (y1) must come close to V, (21). We should insert into
2b
our Ansatz (B.1§) the following Liouville OPE:

Vo (21)B_ 1 (1) ~ /dﬂ w — 21?09

2b zlfélo(zlfylﬂo
(Vea(21)B_ 1 (90)s Ba-s(w)s, ) % (s Bp(a1)s, +O(a1 — 1)), (3.22)

with sy = 57 & ﬁsgn(,ul + fi1), and 7 is the H;' boundary parameter at the point
where z; reaches the boundary. Then one can check that the Liouville correlator
(Var(20)B_
for the HgL bulk-boundary two-point function appearing in the HgL bulk-boundary
OPE (B.13).

e Boundary factorization wio — 0: by a similar reasoning, one Liouville boundary

(yl)s_BQ_g(zl)3+> agrees with the prediction of our Ansatz (B.1§)

degenerate field say B_ 1 (y1) must come close to Bg, (w1), Bg, (w2). We should insert
2b
into our Ansatz (B.1§) the following Liouville OPE:

Boy(w)Bra(wn)B_y )~ 5 o

wi2xy; —w1—0
<Bﬁl (wl)Bﬁg(UQ)Bfﬁ(yl)BQ—ﬁ(w)> x (B(wr) + O(wiz)) , (3.23)

where for definiteness we assumed the degenerate field to come on the right on
Bg, (w1) and Bg,(ws), while it may also come on the left or in between, depend-
ing on the signs of vy, v and vy + v,. For simplicity, we omit the Liouville boundary
parameters, which can easily be deduced from our Ansatz. This is the main step in
checking that our Ansatz (B.1§) is compatible with the Hy boundary OPE (B.14).

There is however a property which we have not checked: the SL(2,R) group symme-
try (B.29), or equivalently its Lie algebra version sf(2,R). In the absence of boundaries,
this symmetry is necessary for the KZ-BPZ relation [[4, fj], and is therefore automatically
included in the H. ;‘ -Liouville relation. However, it is not obvious that our Ansatz is sf(2,R)
symmetric, because the Liouville boundary parameter (B.19) varies along the boundary, in
a way which is non-trivially affected by sf(2,R) transformations. In the case of the bulk-
boundary two-point function (section [f), we will explicitly check the SL(2,R) symmetry of
our Ansatz.
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3.3 Uniqueness of the solution to the axioms

We have easily checked that our formula (B.1§) for the H?jr disc correlators verifies our
axioms of symmetry, factorization and continuity. We will now argue that this solution is
unique in the particular case of correlators with no boundary condition changing operators.

We will write an explicit argument only in the case of the bulk two-point function on
the disc. This will be enough to address the crucial issue of the singularity separating the
bulk and boundary regimes, as defined in (B.11]). Let us spell out the formula to be proved:

k=2
2 - 12 2
P ¢J2 \/75 |z12]%|y12] Ha |20 — Za
(@7 (p1]21) @72 (p2]22)), R(u1 + p2)) |ul < Ly o —
<Va1(zl)va2 (22)V_2Lb(y1)> if yo = 71 (bulk regime),
X S+
<Va1(21)va2(22)s+3_2_1b(yl)s,B_Q_ll)(yQ)5+> if y1 < y2 € R (boundary regime),

(3.24)

where s+ = 5+ F ﬁsgnu with u = 2R(u121 + peze2), and in the bulk regime we have
sgnu = sgn (1 + pi2).

The explicit knowledge of the H. ; bulk one-point function on the disc, and the axiom of
bulk factorization (B.13), are enough to prove the formula (B.24) in the limit 29 — 0. Then,
the local s/\ﬁg symmetry requirement and the knowledge that the resulting KZ equations are
equivalent to BPZ equations (B.3) show that the formula is true in the whole bulk regime.

The continuity assumption will now provide some information on the bulk two-point
function at the » = izl

IR
by the axiom of bulk-boundary factorization (B.13), which is a non-trivial requirement even

end of the boundary regime. The other end z = 1 is constrained

though we do not know the bulk-boundary two-point function. These two limiting regions
are connected by the KZ equations, which hold in the whole boundary regime. We purport
to show that, taken toghether, these constraints are enough to fully determine the bulk
two-point function in the boundary regime.

The reasoning could now go in two possible directions, depending on which one of the
two limiting regions we consider first. If we first solve the continuity assumption, it is then
difficult to exploit the axiom of bulk-boundary factorization. So we will first solve the

latter axiom.

Solving the axiom of bulk-boundary factorization. We will write the general so-
lution of this axiom in terms of some arbitrary structure constants B, ,(j,f), and H;r
conformal blocks built from known Liouville theory conformal blocks. The relevant con-
formal blocks are most easily defined by decomposing the boundary regime Ansatz (B.24),

(Vor (21)Vans (22)e By () B_ (42):,) =

> /dﬁB (01, B—B)CL(Q-B+%,—5 | BBL (a2, 8-8)CL (Q—-B+E, wam

ni,me==+ S—

—1
X (Rg,,5+(ﬁ)> gﬁﬂ?lﬂﬂ (0417042‘217227%792) . (325)
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A Dbasis of solutions of the Knizhnik-Zamolodchikov equations in the boundary regime
is obtained by multiplying the conformal blocks Gg,, n,(a1, 2|21, 22,y1,2) with the
prefactor (first line) of (B:24), while assuming the relation (B.§) between Hj spins
and Liouville momenta. We will still denote the resulting ng conformal blocks as
G8,.m ms (1, 2|21, 22, Y1, y2), and represent them schematically as

(05} (%)
= 3.26
gﬁﬂhﬂh (OélvOC?‘Zl?ZZ?yl?y?) o ﬁ o ) ( )
o1 %)
—zib, and the discrete
indices 7; = + indicate the fusion channels 3 — ¢ of these degenerate boundary fields B_
with another boundary field Bg.

The general solution of the bulk-boundary factorization axiom is obtained by replacing

where the wiggly lines % denote degenerate fields of momentum

1
2b
the Liouville structure constants Bi C’é in eq. (B.24) with arbitrary quantities B,.,(j, £),

. . —1
S= > /dﬁ By (51, 0) Brog (2, ) (RF () Gy (@1, 2] 21, 22,91, 92) - (3.27)
n,m2==

(Recall the relation (R.33) between the Liouville and H; boundary reflection coefficients.)
We have indeed chosen our basis of conformal blocks for its factorizing behaviour in the
boundary factorization limit,

a1 (65) a (6%)

3 % B , (3.28)

lim =|lw— 2 285
z1—21—0 1 B 72 i

(631 %) aq Qa2

where the two factors depend on 5,11, j1, 21, Y1, w and (3,13, j2, 22, Y2, w respectively. Here
w is the position of the intermediate channel field of momentum S on the boundary of the
disc.

The quantities B, (j,¢) can be interpreted as the bulk-boundary structure constants
of the H;r model. For given values of the bulk and boundary spins j and ¢, there are
two such structure constants labelled by n = +. The reason for this fact, and a detailed
analysis of the HgL bulk-boundary two-point function, are given in section [f.

Therefore, thanks to the bulk-boundary factorization axiom, our task is now reduced
to determining the structure constants B, ,(j,/), i.e. showing that they agree with the
Liouville structure constants in eq. (B.2§). For this, we need the continuity assumption.

Solving the continuity assumption. We recall that the continuity assumption deter-

mines the terms which involve the —% channel in the fusion product of the two boundary
degenerate fields (B.16). In order to exploit this assumption, it is therefore convenient to use
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a new basis of conformal blocks (where we omit the dependence on (aq, aslz1, 22, Y1, ¥2)):

(3.29)

The relation to our previous basis of conformal blocks is

Gonn = Fno(B) G g o+ ) 1(B) Gpyz 10 5 Gon—n=9p-1,> (330

for some Liouville fusing matrix elements F,%O(B),FT7 _1(0) which depend on [ but not
T

on aq,ay. (These fusing matrix elements are known explicitly, but we do not need their

precise form.)

Let us rewrite the solution of the factorization axiom (.27) in terms of such conformal

blocks:
H -1 . . . .
S = dﬁ (Rr (6)) (Br,Jr(]l,g)Br,f(]%E)gﬁ7,%7, + Br,f(.]lyE)Br,Jr(]Q,E)gg,f%’Jr)

+Z/dﬁ (Ry{{(g))_l Br,n(jlag)Br,n(ang) <Fn,0(ﬁ) g5+%,0+Fn,—%(ﬁ) gﬁ+21b,—%70) :
n
(3.31)

The continuity assumption determines the terms in Q@_ 1 and therefore the values of
the products By y(ji1,4)By —(j2,¢) and B, _(j1,£)Br4(j2,¢). All our conformal blocks
are indeed linearly independent, up to the identity of blocks labelled by momenta with
identical conformal weights, for instance Q@_ 1, 0= QQ_@_ 1 One should also take
into account corresponding identities among the structure constants, namely B, ,(j,¢) =
RI(0)B,_,(j,~¢ - 1).

The resulting values of B, (j1,€)By —(j2,¢) and By _(j1,€)By +(j2,¢) must be the
ones appearing in the decomposition of our Ansatz (B.29), because we already know the
Ansatz to be a solution of the continuity constraints. This determines B, 1 (j,¢) up to a j-
independent rescaling, B, +(j,£) — fr-(£)*' B, +(j,€). A non-trivial rescaling (f,.(¢) # £1)
can however be excluded by exploiting the terms in G 5210 which are again determined
by the continuity constraint. This shows that the Ansatz is the only solution to our axioms.

Therefore, our lack of control over the Qﬁ 20 terms has not prevented us from fully
determining the bulk two-point function, thanks to the bulk-boundary factorization axiom.
In the standard Cardy-Lewellen formalism, the bulk two-point function would be fully de-
termined from the disc one-point and sphere three-point functions, and the bulk-boundary
factorization axiom would then come as a consistency check on these quantities. In our
case, this consistency check is weaker, because it can involve only the part of the axiom
which we do not use for determining the bulk two-point function.
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Generalization. This reasoning can be generalized to arbitrary H. §L bulk correlators on
the disc. Indeed, the existence of a bulk regime where the H. ;r correlators are known (thanks
to the bulk OPE) gives a nontrivial content to the continuity assumption. Moreover, our
determination of the H;™ bulk two-point function also yields the knowledge of the H; bulk-
boundary two-point function. Therefore, we can in principle apply the bulk-boundary
OPE (B.13) to arbitrary ng bulk correlators, which proves our main result (B.1§) for
correlators of bulk fields and boundary fields ,¥% which preserve the boundary condition.
Boundary condition changing operators T\Iff, are more challenging: we leave their case as
a conjecture, which is supported by our check of all the axioms, and the analysis of the
boundary two-point function in section [.

3.4 H;—Liouville relation in the m-basis

The m-basis relation may be useful for the study of the SL(2,R)/ U(1) coset model, which
is formally quite close to the H. ;r -model in the m basis. The relation is obtained by straight-
forward application of the integral transforms (2.11]), (.26) to the p-basis result (B.1§):

<H o (za) [T Y5, (wb)>

a=1 b=1

n m n m
. du / / _ - _
x HNﬁa,maHNﬁb,nbAm /dQ" Ty T (ma™ a8 ™) T vel = sgn™ (1)
a=1 b=1 a=1 b=1

X ’@mm,% <H Ve (%a) HBﬁb(wb) H V_Q_lb(ya’) H B_Q_lb(yb/)> . (3.32)
a=1 b=1

a’'=1 b'=1

The non-trivial content of the formula is the fact that the Jacobian for Sklyanin’s separation
of variables (B.10) (which gives fi4, 14 as a function of the positions y4/, yy of the degenerate
fields) is |u|™2Onm| [Th— |1al® [Th; || The integral over y should be understood as
spanning the whole range of complex or real values, and to include the combinatorial factors
due to the invariance of g, v, under permutations of y, or y; for instance in the case of
the bulk two-point function n = 2,m = 0 we have [ d*y = fi}y1>0 d®y1+ 3 [ge dyr dyo. The
integral over |u| can be performed explicitly knowing that p,, 1, all have a factor |ul, the
result is §(i Y.0'_; (ma + Ma) + 4>y mp). (Recall that in the H model physical values
of mg + m, and my are pure imaginary.) The sum over sgnu then affects the Liouville
boundary parameters, which are still given by eq. (B.19) but kept implicit in our formula.
The normalization factors Nﬂ;a7ma, Nr%bmb are given in (R.19), (B.27), and we do not write
the j,£, m-independent normalization factor.

A few cases are particularly simple. If 2n +m — 2 = 0 the H?‘f -Liouville relation
does not involve Liouville degenerate fields. This happens for the bulk one-point function
(n = 1,m = 0) and the boundary two-point function (n = 0,m =2). If 2n4+m -2 =1
the relation involves one boundary degenerate field, and therefore no singularity can occur
from the collision of two degenerate fields. This happens for the bulk-boundary two-point
function (n = 1,m = 1) and the boundary three-point function (n = 0,m = 3).
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4. Boundary two-point function

The boundary two-point function for open strings living on a single AdSs brane is already
known, eq. (2.2§), and we reproduce it here up to irrelevant factors:

<\I/£1 (tl‘wl)\Iﬂ? (tg‘ﬂ)g)>r = (5(61 + 0y + 1)(5(t12) + (5(61 — gg)Rf(gl)‘tlg‘%l . (4.1)

Up to a change of the reflection number f?,f,{ (¢1), this is actually the most general form
of the two-point function which is compatible with the SL(2,R) symmetry (R.23), if the
boundary fields follow the standard SL(2,R) transformation rule (R.29). And indeed, the
equations in [[[(J] which yielded that solution can also be used to derive a boundary two-
point function between different branes, which is of the same form [(]. The resulting
reflection number Rfr,? (¢1) however has branch cuts as a function of the boundary spin £.
While this is not an inconsistency, this is certainly a strange feature.

Our relation with Liouville theory (B.1§) however predicts

(0t ) 0 ), )
=601 + Uy + 1)8(t12) + 6(41 — @)Rfr,(el)|t12|2‘fle*%<k*2><r*’"’>sgntw . (4.2)

with the t-basis reflection number

RL ) , ) RL . ’ i
I'(20+1) sin(nl—itg)  TQRE+1) sin(rl+i5)

RIT(0) (4.3)

with = b+ 1) + %. This reflection number is meromorphic in ¢, with no hint of a
branch cut. And the factor e~ 2(*=2(r=r)sgntiz contradicts the SL(2,R) symmetry.

We will argue that ([L9) is actually the correct ng boundary two-point function, and
that the result of [R0] is incorrect because it relies on erroneous symmetry assumptions. We
will indeed show that the H?:F boundary condition changing operators should not belong
to representations of SL(2,R) but rather to representations of the universal covering group
SL(2,R).

NB: In this section we omit the dependence of two-point function in the worldsheet
coordinates wi,ws. This dependence is always a factor |w; — wgl_QA‘fl.

4.1 SL(2,R) symmetry

Let us investigate how the assumption of 521(2, R) symmetry would constrain the boundary
two-point function. To begin with, we study the possible actions of that group on the
boundary fields , W (t|w),.

Consider a timelike coordinate 7" on §E(2,R) such that 7'(id) = 0 and T'(—id) = 1.
(As a manifold, §E(2,]R) is identical to the Anti-de Sitter space AdSs3.) Then the set of
521(2, R) elements such that 0 < 7T < 1 can be identified with the group SL(2,R)/{id, —id}.
We parametrize elements of §E(2,]R) as G = (g,[T]) where g is an element of the group
SL(2,R)/{id, —id}, and [T] is the integer part of T.
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The natural action of the group 521(2, R) on the parameter ¢ is simply (g, [T])-t = g-t.
It is however possible to define an action of SE(Q, R) on the t-basis fields ¥*(¢) which does
not reduce to the ordinary SL(2,R) action (g, [T]) - U*(t) = |ct — d|*¥’(g - t) as follows:
for an SL(2,R) group element G = (g,[T]) and a real number ¢ consider the number N

of times g - t crosses t = 400 when G continuously varies from G = id§i<2 R) = (id,0) to

G = (g,[T]). Then for any fixed number x the following is an action of SL(2,RR) on ¢-basis
fields:

G-V (t) = (g,[T)) - U (t) = |ct — d|? e N@TIDGE (g 1) . (4.4)

How would invariance under such SNL(2,R) transformations constrain the boundary two-
point function? Using N(g, [T],t) = [T] + % + Ssgn(t — d/c), we have

(G0 (Lwn)w G -0 (t3]ws), )
= |ct; — d‘2£1 ety — d‘252eéﬂ(sgn[tl*d/C]*Sgn[h*d/C]) <T\I;51 (g- t1\ﬂ}1)r/\1/£2 (g- t2’w2)r>

_ |C7f1 _ d|221 |C7f2 _ d|2€26%H(sgntufsgn[g-tl*g-tz]) <T\I,€1 (g . t1|w1)r/\I’£2 (g . t2|w2)r> ] (4.5)
The requirement that this equals (, U (¢ ]wy), U2 (ta|ws), ) leads to

<T\I/£1 (tllwl)rl\yb (tg‘ﬂ)g)r> = 5(51 + £y + 1)5(t12) + 5(51 — gz)Rng(gl)’tu‘%le*%ftsgntu’
(4.6)

for some t-basis reflection number R, (¢1). Therefore, the two-point function ([£3) de-

rived from the ng -Liouville relation is compatible with SA'Z/L(2, R) symmetry provided the
boundary fields transform as eq. ({.4) with

k=(k—=2)(r—1"). (4.7)

We have thus found a nice geometrical interpretation for the two-point function derived
from the H. ;‘ -Liouville relation. This is of course not in itself evidence for the correctness of
that relation. We will look for such evidence in the comparison with N=2 Liouville theory,
and in the classical analysis of the H. gL sigma model.

4.2 Comparison with N=2 Liouville theory

An ng mod U(1) coset model can be obtained from the H?:F model by gauging, and this
coset model is known to be identical to the 2d black hole coset model SL(2,R)/ U(1) [P]. It
is also known that the N=2 supersymmetric version of the SL(2,R)/ U(1) coset is related
via mirror symmetry to N = 2 Liouville theory [P]-P3. The boundary two-point function
on maximally symmetric D-branes in N=2 Liouville theory with central charge ¢ = 3+ %
is thus expected to be related to the boundary two-point function on our AdSy branes in
the H;r model at level k. We will not try to check this expectation in full detail, rather
we will focus on the non-trivial part of the expected relation, namely the relation between
the boundary reflection coefficients in the H. §L model and N=2 Liouville theory.
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The boundary reflection coefficient in N=2 Liouville theory was determined in [4].
The D-branes which should be compared to the AdSy branes in H; are the B-branes [[[5].
The relation between the parameters r of our AdSs branes and the parameters J of the
N=2 Liouville B-branes can be deduced from the explicit formulas for the corresponding
one-point functions: r = —%5(2J + 1). The boundary fields which span the spectrum

of open strings between such B-branes are called B%S),ABﬁgs),j\Bﬁgs),AﬂBﬁgs), where £
and m correspond to the H?:F boundary spin and m-basis momentum, s is a fermionic

label which we will ignore because the s-dependence of the N=2 Liouville boundary two-
point function is trivial, and A\, A are boundary fermions such that A\ + A\ = 1. We will
compare the spectrum of open strings in H;r with the bosonic sector of the N=2 Liouville
boundary spectrum; for each choice of £, m this sector is two-dimensional and spanned by
MBI B,

Let us write explicitly the reflection matrix for such N=2 Liouville boundary fields [24]
(section 6.2 therein) with our notations and our own field normalizations chosen for later
convenience. (Changing field normalizations amounts to conjugating the matrix M with a

diagonal matrix.)

MBS, 4 - B
(MBZ ) = —D(=f+m)L (£ = m)T (20 + DR[](0) x M <MB“> o (4.8)

/

M= Sy Fet £ sinm(m £ £) e~ 52 gin 2l

!
_ r=r’
€™M %2 sin 2l >4 TFet B2 sinm(m + 0)

The m-basis boundary fields \I/fgw of the Hy model were defined in (£:24). Our H
boundary two-point function (.) has the following form in the m-basis:

< \I]firlu 771( ) ’\I’mz 772( )T> = 6(Z(m1 + m2)) X [6@1 + 62 + 1)2776771772
+ (5(61 — fg)—F(—fl + ml)I‘(—El — ml) CcoS %(& —m1+ ?’]1) CcOS %(61 +my + 772)
xiMYRT (20, + DRI (1) {( 1) sin(rf 4 %) 4 (—1)™ sin(rl — i )}] . (4.9)

If we now assume the following identification between the N=2 Liouville fields AABS,, A\ABY,
and the H; model fields W,

m,y» Which involves an implicit Wick rotation of the allowed

values of m,

o0
AB, = Wl o+ 0 =2 / dt t=1mwt(g) (4.10)
0
0
SABL, & e (Wl ) = 2 / dt 1]~ (4.11)
—o0

then the H; reflection matrix deduced from our m-basis boundary two-point function (f.9)

agrees with the N=2 Liouville boundary reflection matrix (.§).
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4.3 Classical analysis

We should be able to study such a basic property of the theory of open strings in H;'
as its symmetry group without solving the full quantum theory. In the cases of closed
strings and open strings which preserve boundary conditions, the minisuperspace limit
reduces our conformal field theory to the quantum mechanics of a point particle in H. ;r and
AdS; respectively, and therefore gives substantial insight into the spectrum and symmetry
properties. However, the theory of open strings stretched between two different AdSs
branes does not have such a minisuperspace limit, because such open strings can not
shrink to point particles. However, we will be able to gain some insight from analyzing
their classical worldsheet dynamics.

In order to predict the symmetry group, we should derive the spectrum of a timelike
generator R of the Lie algebra sfo(R). (Such a generator geometrically acts as a rotation of
the AdS, branes.) Indeed, such a generator must satisfy exp 2miR = —id if the symmetry
group is SL(2,R). On the other hand, no such relation exists in the universal covering
group ﬁ(l R). Nevertheless, the transformation law ([£4) of the boundary fields suggests
that the value of exp 27iR applied to such fields should be exp 27miR = e(k=2)(r=1") " The
operator exp 2miR is indeed identified with the SNL(Q,R) group element G = (id, 1), and
for any real number ¢ we have N(id, 1,¢) = 1. The spectrum of the quantum operator R is
therefore expected to be

Spec(R) = (k —2)~ o "z (4.12)

T

Of course, we do not expect the classical analysis to fully reproduce this spectrum, and in
particular not the Z quantization. In order to show that the symmetry group is SA'Z/L(2, R)
and not SL(2,R), it is enough to demonstrate that the spectrum is not purely real. We
will actually even find indications of an imaginary part proportional to r — r’.

In principle one can obtain the full set of classical solutions of the H. §L sigma-model,
but it is not easy to extract predictions for the spectrum of the rotation generator R. This
is due to the pure imaginary B-field in the theory on worldsheets with Lorentzian signature
which prevents classical strings from evolving normally in time. On the other hand, the
model on Euclidean worldsheets has many classical solutions, but it is not obvious how to
relate the spectrum of R evaluated on classical solutions with the quantum spectrum ({.19).
We will avoid these subtleties by considering a classical solution which does not depend on
the worldsheet time and therefore makes sense for both signatures. Up to simple symmetry
transformations, this is actually the unique time-independent solution:

g

h =expQ <r + (r' — r);) , (4.13)

1
where 2 = <(1) 0) and o is the space-like coordinate on the worldsheet. The complex

coordinate on the upper half-plane worldsheet is z = e"1; our solution corresponds to
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inserting a boundary operator at z = 0:

Our solution is easily found to satisfy the following requirements:

1. Solving the bulk equations of motion. This is because h can be factorized into holo-
morphic and antiholomorphic factors.

2. Solving the boundary conditions at z = Z. In terms of the currents
J=kOhh™' | J=kh 'Oh=JT, (4.14)
these boundary conditions are of the type
Jiof 4+ oJ =0. (4.15)

This implies the vanishing of the derivative of Tr QA along the boundary, so that

Tr Qh = (4.16)

=z

2sinhr , Rz >0
2sinh7’ , Rz <0’

as required by the definition of the brane parameters r,r’ (R.1§).

3. Corresponding to an affine primary field insertion at z = 0. This means that the
currents behave as

k o0
J(2) = 4o+ k 2L 417
(2) = o+ ;J 2 (4.17)

We can now evaluate the values of the conserved momenta associated to sf¢(R) transfor-

mations:
T . N
z/ e do (Q* T+ J) = kjo = k—0Q) . (4.18)
0 2mi
The matrix 1Q satisfies exp27i(3€2) = —id and can therefore be identified with the R

generator of the compact, timelike direction of s¢(R). The associated conserved charge of
our classical solution is

r—r!

R =k

4.19
211 ( )

This agrees with the imaginary part of the spectrum of the quantum operator R ({.19),
up a term which is subleading as k — oo. This is consistent with the classical analysis
becoming reliable only in the large k limit, since k appears as a factor in the H. ;r action (R.4)
and therefore plays the role of the inverse Planck constant.
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5. Bulk-boundary two-point function

Like the boundary two-point function, the case of the bulk-boundary two-point function
will provide a nontrivial check of our expression for H. ;r disc correlators in terms of Liouville
theory. We will indeed use a minisuperspace analysis to independently predict the large
level limit of the bulk-boundary two-point function.

According to the formula (B.1§), the H" bulk-boundary two-point function is

k—2
» ~ z=2Z)(z—w)(z—w)| 2
q)]pz\lfguw> x o+ i+ v)|u ( —
(@7 (ul2) 0! (vfw) ) o 5 ) s e
X <Va(’z)2—:‘_b+4i.bsgnyBﬂ(w #7ﬁsgny37%(y)> ) (51)
where the Liouville momenta «, 3 are functions of j, ¢ (B.H), the position y = —%

of the Liouville degenerate field is the zero of the function ¢(t) (B.§), we use u = pz +
iz +vw (B), and we omit the numerical factors. Here is a picture of this H3 -Liouville

relation:
J
« () 5 Val(2)
o Vi vw) B_1(y) _ Bs(w)
75 7 » 7 7
T T r

i o4 g r__ 4
o5 S8 gt pSenY 5 — pSeny

The Liouville boundary parameter is therefore controlled by v, which we spell out explicitly
in terms of the separated variables (u,y) thanks to eq. (B.10):

w—Yy

V:’I,Lm.

(5.2)

5.1 SL(2,R) symmetry

We first check that our formula for the bulk-boundary two-point function obeys the SL(2, R)
symmetry requirement (P.23). The general solution to this requirement is

<q>j(x|z)\1/f(t|w)> = |2 — w| 20|y — 5| 72Ai+A (5.3)

(=25 —4-1 ey
X|:C—|—it|2€|x—|—if|2]_€ ( 327( ) ZBfi(]’ f) 6:|:25(2]+€+1)sgn9?a:‘
+

Like in the case of the bulk one-point function (which is obtained for ¢ = 0), the SL(2,R)

symmetry allows an arbitrary dependence on sgnRz. Here we choose e*i%(27+(+1)sgnitz

as a basis of functions of sgnRz, and we introduce the two H;' bulk-boundary structure
constants B} (j, (). The factor 1“(—2%7;(—1)

We now transform this bulk-boundary two-point function into the u-basis (defined by
equations (R.10), (2.24)) for the purpose of the comparison with the formula predicted by

our H. ;r -Liouville relation. The Fourier integral over (x,t) can be performed by making the

is chosen for later convenience.
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change of variables x = 2’ — it and then parametrizing 2’ € C in terms of real variables
o, such that 2’ = o(it — j1). (Then the integral over o is of the type (B.J).)

(O (ul2) W (o)) = [z = 2|22z — | 20

[e.e]
B+ 4 0) WPl [ dr Bl 0 (54

—00

The remaining integral over 7 converges provided p is not pure imaginary. It can be
performed using the integral formula (B.J]) which yields:

(@7 ()W Ww)) = |z = 2|72 |z — |2
B L D(=2j—1-00 (2 +1—1) 4
St ) a1 O 'S BLGOF, 59
where we define
FE(p) = lil—’“‘ H%F 242 9511 é-l 13n (5.6)

The Liouville correlator in (p.1]) can be decomposed into Liouville structure constants,
and conformal blocks which capture all the dependence on the worldsheet coordinates
z,w,y. The properties of the relevant blocks have been studied in [Bj], and they are
proportional to the functions Fﬁ(u) in @)5 What is however not obvious, but necessary
for the SL(2,R) symmetry, is that the coefficients of this decomposition are completely
independent of u, v, in spite of the sgnv dependence of the Liouville boundary parameter.

In order to write the decomposition explicitly, let us consider the Liouville factoriza-
tion limit y — w when the degenerate boundary field B_ 1 collides with Bg. This limit
corresponds to v = 0, and therefore 1 pure imaginary (using%,u—l— i+v =0). The behaviour
of our conformal blocks Fﬁ(,u) in this limit is actually determined by ll—>mo sgnu = —sgnu.

Namely, F'" is regular if sgnu = — and F'~ is regular if sgnu = +. The Liouville correlator
in (B.T]) is then decomposed into regular blocks, and structure constants where the bound-
ary parameters can be determined from the identity sgnv = sgnu sgn(w —y). We thus find
the following decomposition, where € = sgnu:

(O (ul2) ¥ (vhw) ) = [z = 2|72 — | 225+ i+ v)

CSLE(ﬂ | _%,Q — ﬂ — %)Bi(a,ﬂ + %)|N|€+1|V|_£FJQ€(M)
s_€

+CEB | —35:Q = B+ 35)BE(a, 8 — )|l ‘W F S (w)| (57

—€

® According to [E] the relevant Liouville blocks are indeed powers of |z — w|, |z — y|, |w — y|, times
hypergeometric functions of the type F(b™' (2a+3-Q),b™ " (8—5),2b" ' (3— % ); 2) with Z = % =
1+ £. The relation with Fj,l( ) is established thanks to the quadratic transformation (@)
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where sy = 55 F £, and the Liouville bulk-boundary structure constant B (a, 3) (C:4)
and degenerate boundary three-point structure constant C*(3| —QLb, Q-p/+ 2%) (C.Q) are

S
explicitly known.

The Liouville correlator in (f.1]) is known to have an alternative decomposition [2],
which leads to equation (f.7]) being also valid for ¢ = —sgnu. (The equality of these
decompositions can be exploited in order to derive a %b—shift relation for the Liouville bulk-
boundary structure constant.) We will now use these two decompositions ¢ = +, while
rewriting the functions F; <, (u) in terms of Fﬁ(p) with the help of

L |26+ T(—(+Hr(-2-1) . e cos7r2er (5.8)
‘- :

- Fe = [ i Al
Ap D(—0—2j —DD(—L+2j+1) 37177087 cosmf ™5

Not forgetting CX (53| —2%), Q-0+ zlb) = 1, we find that the H;' bulk-boundary two-point
S/

function deduced from the H -Liouville relation is indeed of the form (B.§) dictated by

SL(2,R) symmetry, with structure constants

24621 (—20) L

1
(- Dr—e+1) i (08— 5) (5.9)

BiL(0) = 5
(We omit numerical factors.)

5.2 Minisuperspace analysis

Let us compute the minisuperspace limit k& — oo of our H?:F bulk-boundary two-point
function. Thanks to SL(2,R) symmetry, this reduces to computing the & — oo limit of the
structure constants B}’ (j,¢) computed in [R5 and reproduced in the appendix, eq. (5.9).

Using the explicit formula for the Liouville bulk-boundary structure constants B (C.4)),

1

— — 0 (assuming 7, j, ¢ stay fixed):

we compute their semi-classical limit b? = z

Nl

fim BL (008 — &) — Ar(—pupmb-2er) 1

/ A (ortimp L0+ 2] +2)0(p+ L+ DI (—p—2j - 1)I(—p)
- 2mi C((+1)T(2j—1)
= 47T(/1,7Tb_2)_1_j_%
ix (i pon D25 HOT(25+2) (o
x{e¢?(2j—€+2) ( 3&?2]§)]+ ) eCi=0r p(p41,-9j1+0,-2j;—¢~2")

=T AT (2 4 04-2) e~ FIHADT P01, 254042, 2j+2;{2r)} :

(5.10)

where we make use of the asymptotic behaviour of the special functions (A.§)-(A.11]) and
of the auxiliary formula

(<2rimp _ -2 eT™sin (25 + p) — T2 sin (£ + p)

sinm (25 — £) (5:11)

e
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Let us now predict the minisuperspace limit of the bulk-boundary structure constants
Bﬁi (4, ¢) by an independent calculation. In the minisuperspace limit, the H. gL model path-
integral reduces to the integral over worldsheet-independent elements h of H. §L :

<q>a‘(m\z)\pf(ﬂw)>mim = /H+ dh ®F (z|h) W (¢|R)6(Tr [hQ) — 2sinhr) . (5.12)

T

Using the explicit formulas for the H; element h (B-J) and the classical fields ® (x|h) (B3)
and W(t|h) (R.20), the minisuperspace computation is performed as follows:

mini

(7 (al2) W () )
T
2)+1 [ 5 250 b1~ - 2.6 | —6\25(|; 2,6 4 o= )¢

= ———— [ d"7dge™d(e”(y+7) = 2sinhr)(|Jz —y[ e +e7) Y (Jit+y[ e +e7)
2j5+1 d?ydu
o w21
= |z + 2%z 4 it|**

['(—4j — 1)(2cosh )26+ /°° du
T2 -1 Jo wees?

d(R~y—sinh r)(\u(m—i—it)—7]2+1)2j(]’y\2+1)£

(u? — 2utanhr sgnRz + 1)2j+%, (5.13)

where v was shifted ¥ — ~ — it and rescaled v — e~ ?y, we introduced v = e, and we
(I+][*) R

reached the last expression by the rescaling u — Tl cosh T

u which allowed the integral
over y to be performed.

The remaining integral over u can be performed with the help of the formula (B.J).
The minisuperspace bulk-boundary two-point function is then found to be of the form

dictated by the spacetime SL(2, R) symmetry (f.4), with the structure constants:
ij’[mini(j, ¢) = (2 cosh 7”)%Jrl
X {eﬂ’(zjumf(—% +(€)F()2j +2) G0 (g 41, -2j + £, —2j; —e~)
:[1 _2] ) ) )

+ eFTETEIT(2) 4 0 4 2)e BI04 1,25 + 0+ 2,25 + 2; —e‘”)}- (5.14)

Up to a renormalization of the fields, this agrees with the prediction (5.10) from our Hj -
Liouville relation.

A. Special functions

The function () is built from Euler’s Gamma function:

I'(z)

v(x) = m (A.1)

We use the special functions I'y, T and Sy which usually appear in the study of Liouville
theory at parameter b > 0 and background charge @ = b+b~!. We use the same conventions
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as [26], where some more details can be found. The following definitions are valid for

0 <Rzr<Q:

©dr [ et — Q2 Q22?2 ., Q2—=
logTy(x) = /0 T [0 A R A (4.2)
o dt 2 smh2 % )t
log Ty, = — 22 A3
o8l /o T ( > smhbt smh t ’ ( )
logS, — /OO dt Slnh(% -zt (Q— 21 . (A4)
o t _QSIHh(%) inh() t

These functions can be extended to a meromorphic function on the complex plane thanks
to the shift equations

V2mbbr 3 V2rb b te
r b) = ——~+——T r 1/b) = ———T A.
b(z +b) T(b) b(2) b(z+1/b) T /0) b(7) (A.5)
Lbz) 1 o L(x/b) o oupp
T b) = —————b Y T 1/b) = ———~__p?2/b-1y A.
b(z +b) (T — ba) b(x),  Ty(z+1/b) (= 2/b) b(z) (A.6)
Sp(z + b) = 2sin(7bx)Sp(x), Sp(z + 1/b) = 2sin(7x/b)Sp(x) (A.7)
The three special functions are related: Sy(x) = Fbr(gm_)w) and Yy(x) = m

Using the integral representations for the special functions, one can study their be-
haviour for b — 0 while keeping the quantity x fixed:

1 1 b %(l“*%)
Dy(bz) — 263207200 () | TH(Q — bz) — <2_) , (A.8)
T
1
Tylbz) — —0, A9
%) = e (A.9)
1
Sp(bz) — (zwa)x—%r(x) L Sy +ba) - 9773 (A.10)
HS Lo ety o (Coshr o (A.11)
"2 b V2 ‘ ‘

B. Useful formulas

The following formula [R7] is used in section [f.

Tla+1I'(-28-a—-1)
- (—25)

X(2coshr)_5_%ei7"(5+%)F< oz—ﬂ— Oz+ﬁ—|-3 L - B ! > . (B.1)

o
/ dzz®(1 + 2z tanh r + 22)8
0

ei27’ +1

The following formulas are useful for transforming some correlators in the (x,t) basis into
correlators in the (u, v) basis.

Léfxéwwwazwwa+nM|m2, (B2)

/dt f(sgnt)[t|%e™ ™ = |v|*"T'(a + 1) [f(sgnu)e*i%(aﬂ) + f(—sgnv)e’ 2(0‘+1)] . (B.3)
R
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The conformal blocks which are relevant for section [| involve hypergeometric functions

which can undergo a quadratic transformation:

1y o
Flab,25:2) = (3+332)" (=28 x F(b-a+ha-b+ b+ hid-13=).
(B.4)

C. Some Liouville theory formulas

We mostly follow conventions of [Rf]. We consider Liouville theory with parameter b > 0,
background charge @Q = b+ b~!, central charge ¢ = 1 + 6Q?, and interaction strength pr,.

One-point function on a disc:

(Va(2)), = |2 = 2|22 (rpsy(0%)) 3
F(l - b( - 2a)) (1 ( _ 2a)) cosh 27s(Q — 2a) . C.1
—721 (20 Q) o o

Boundary reflection coefficient and two-point function:

(sBg, (w1)s B, (wa)s) = |w —w| 72251 [§ (ﬁl + 52 - Q)+ RL (BB — B2)] (C.2)
2 F (26 Q . /
Ris’(ﬁ) = [WML’Y(bQ)bQ 2 } ﬁ gsb (Q-B+i(xs=£5s")) .

Bulk-boundary two-point function [2§]:

(Val(2)Bs(w)), = |z — 225280z — |22 BL(a, ), (3)
L i oo op2] T E 3(Q — BTp(2Q — 2a — B)Ty(2a — 3)
By(a,8) = 278 [mua @] e AT, Ba @ = 2]

X/iOO —47rspHSba+ﬁQj:p)
—ioo Spla— 252 £ p)

From this, one can deduce the bulk-boundary OPE of a bulk degenerate field V_ 1 which is
2b

relevant for our continuity assumption (B.I7). There is a subtlety: due to the pole structure

of BE(a, 3), the degenerate limit of the bulk-boundary OPE yields

Bl(-,Q) = lim  Res Bl (a,f3), (C.4)

a——gs f=b—2a

instead of the incorrect formula BX(— 2b,Q) L lim ReCs2 Bl (a,3) which one might

1
T

naively have expected. The correct result is

L T(=1—2b"

Bf(—%,@) = 2b2 [wuLw(bQ)] b2 ) cosh 2rb~1 (C.5)

Operator product expansion of a degenerate boundary field:
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s Ba(w)s- B_y 0)s. ~ lw =y @ICE (B | =55,Q = = 3)s, By, 1 (W)

2b

—1
+ |’U) - y|b 60§'+(BS| _%7 Q /3 + 2b)s+ ﬁ (w)8+ ) (CG)
with the degenerate boundary structure constants
CL(B | ~35,Q =B+ g55) = 1
S—
-9 BN

b
CEAB | 4@~ B~ %) = RE . (BIRL (Q— 6~ %) = 2 [mun (b)) x
xT(1— 26" )26 8 — b 1Q) cos (b8 — 59
x cos (b3 — @ T 2ib s,

where s+ =s_ = 2Lb The particular case of the OPE of two degenerate boundary fields

(]

8 = —5; is relevant for our continuity assumption (B.16).

Acknowledgments

We are grateful to Volker Schomerus and Joerg Teschner for useful discussions, collabo-
ration at some stages of this work, and comments on the draft of the article. We thank
each other’s institutes for hospitality. S. R. is supported by a Humboldt stipendium of the
Alexander von Humboldt Stiftung.

References

[1] K. Gawedzki, Quadrature of conformal field theories, [Nucl. Phys. B 328 (1989) 733.

[2] K. Gawedzki, Noncompact WZW conformal field theories, hep—th/9110076.

[3] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Infinite conformal symmetry in
two-dimensional quantum field theory, [Nucl. Phys. B 241 (1984) 333

[4] J. Teschner, On structure constants and fusion rules in the SL(2,C)/SU(2) WZNW model,
[Nucl. Phys. B 546 (1999) 390 [hep-th/9712256].

[5] J. Teschner, Crossing symmetry in the Hy WZNW model, |Phys. Lett. B 521 (2001) 127
[hep-th/0108121].

[6] B. Ponsot, Monodromy of solutions of the Knizhnik-Zamolodchikov equation: SL(2,C)/SU(2)
WZNW model, |[Nucl. Phys. B 642 (2002) 114 [hep—th/0204085].

[7] J.L. Cardy and D.C. Lewellen, Bulk and boundary operators in conformal field theory,

Lett. B 259 (1991) 274.

[8] D.C. Lewellen, Sewing constraints for conformal field theories on surfaces with boundaries,

[Nucl. Phys. B 372 (1992) 654.
[9] S. Ribault and J. Teschner, HyZ WZNW correlators from Liouville theory, JHEP 06 (2005)

014 [hep-th/050204§).

[10] B. Ponsot, V. Schomerus and J. Teschner, Branes in the euclidean AdSs, JHEP 02 (2002)

01¢ [hep-th/0112199).

,32,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB328%2C733
http://arxiv.org/abs/hep-th/9110076
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB241%2C333
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB546%2C390
http://arxiv.org/abs/hep-th/9712256
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB521%2C127
http://arxiv.org/abs/hep-th/0108121
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB642%2C114
http://arxiv.org/abs/hep-th/0204085
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB259%2C274
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB259%2C274
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB372%2C654
http://jhep.sissa.it/stdsearch?paper=06%282005%29014
http://jhep.sissa.it/stdsearch?paper=06%282005%29014
http://arxiv.org/abs/hep-th/0502048
http://jhep.sissa.it/stdsearch?paper=02%282002%29016
http://jhep.sissa.it/stdsearch?paper=02%282002%29016
http://arxiv.org/abs/hep-th/0112198

[11] V. Fateev, A.B. Zamolodchikov and A.B. Zamolodchikov, Boundary Liouville field theory. I:
boundary state and boundary two-point function, hep-th/0001019.

[12] J. Teschner, Remarks on Liouville theory with boundary, hep-th/0009134.
[13] J. Teschner, The mini-superspace limit of the SL(2,C)/SU(2) WZNW model,

546 (1999) 369 [hep-th/971225§)].

[14] S. Ribault, Knizhnik-Zamolodchikov equations and spectral flow in AdSs string theory,

09 (2005) 045 [hep-th/0507114].

[15] S. Ribault, Discrete D-branes in AdSs and in the 2D black hole, JHEP 08 (2006) 015
[lhep-th/0512239].

[16] P. Lee, H. Ooguri and J.-w. Park, Boundary states for AdSs branes in AdSs,

632 (2002) 283 [hep-th/011218§].

[17] A.V. Stoyanovsky, A relation between the Knizhnik-Zamolodchikov and
Belavin-Polyakov-Zamolodchikov systems of partial differential equations, path-ph/0012013.

[18] A.B. Zamolodchikov and V.A. Fateev, Operator algebra and correlation functions in the two-
dimensional Wess-Zumino SU(2) x SU(2) chiral model, |Sov. J. Nucl. Phys. 43 (1986) 657.

[19] J. Teschner, A lecture on the Liouville vertex operators, Int. J. Mod. Phys. A19S2 (2004)
436 [hep-th/030315(].

[20] S. Ribault, Two AdS, branes in the euclidean AdSs, JHEP 05 (2003) 00 [hep-th/021024g].
[21] A. Giveon, D. Kutasov and O. Pelc, Holography for non-critical superstrings, JHEP 10

(1999) 03] [hep-th/9907174).

[22] V. Kazakov, I.LK. Kostov and D. Kutasov, A matriz model for the two-dimensional black hole,
[Nucl. Phys. B 622 (2002) 141] [hep-th/0101011].

[23] K. Hori and A. Kapustin, Duality of the fermionic 2D black hole and N = 2 Liouwille theory
as mirror symmetry, JHEP 08 (2001) 045 [hep-th/0104202].

[24] K. Hosomichi, N = 2 Liouwville theory with boundary, [JHEP 12 (2006) 061 [hep-th/0408177).

[25] K. Hosomichi, Bulk-boundary propagator in Liowville theory on a disc, JHEP 11 (2001) 044
[hep-th/0108093].

[26] B. Ponsot, Recent progresses on Liouville field theory, Int. J. Mod. Phys. A19S2 (2004) 311
[hep-th/0301193].

[27] 1. Gradshteyn and I. Ryzhik, Table of Integrals, Series and Products, Academic Press, 1965.

,33,


http://arxiv.org/abs/hep-th/0001012
http://arxiv.org/abs/hep-th/0009138
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB546%2C369
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB546%2C369
http://arxiv.org/abs/hep-th/9712258
http://jhep.sissa.it/stdsearch?paper=09%282005%29045
http://jhep.sissa.it/stdsearch?paper=09%282005%29045
http://arxiv.org/abs/hep-th/0507114
http://jhep.sissa.it/stdsearch?paper=08%282006%29015
http://arxiv.org/abs/hep-th/0512238
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB632%2C283
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB632%2C283
http://arxiv.org/abs/hep-th/0112188
http://arxiv.org/abs/math-ph/0012013
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SJNCA%2C43%2C657
http://arxiv.org/abs/hep-th/0303150
http://jhep.sissa.it/stdsearch?paper=05%282003%29003
http://arxiv.org/abs/hep-th/0210248
http://jhep.sissa.it/stdsearch?paper=10%281999%29035
http://jhep.sissa.it/stdsearch?paper=10%281999%29035
http://arxiv.org/abs/hep-th/9907178
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB622%2C141
http://arxiv.org/abs/hep-th/0101011
http://jhep.sissa.it/stdsearch?paper=08%282001%29045
http://arxiv.org/abs/hep-th/0104202
http://jhep.sissa.it/stdsearch?paper=12%282006%29061
http://arxiv.org/abs/hep-th/0408172
http://jhep.sissa.it/stdsearch?paper=11%282001%29044
http://arxiv.org/abs/hep-th/0108093
http://arxiv.org/abs/hep-th/0301193

